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Response of Simple Spans to Moving Mass Loads
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Theme

SIMPLE, prestressed span is initially horizontal under self-

weight. Distributed masses traverse the span at constant
speed, and the span responses are sought. This system simulates
the traverse of air cushion vehicles, most of whose weight is
unsprung and concentrated just above an elastic guideway.
Present results are based on Ref. 1 whereas related work is
summarized in Refs. 2 and 3.
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A mass M of length d travels at constant speed v over identical
spans of length s, as shown in Fig. 1. Span motion is based on
Bernoulli-Euler beam theory or
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where (x, y) are the span coordinates, ¢ is time, EI is the stiffness,
T, is the constant axial compressive load, K is the elastic founda-
tion constant, c is the viscous damping constant, p is the span
mass density, and A is the span’s cross sectional area. If ji,,, is the
absolute vertical acceleration at the midpoint of the mth mass
segment located at distance z,,, then the loading f(x,?) for the
ith span is
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Here, «, is the number of the first mass system having any of

its pressure on span i and o, is the last mass system having any
of its pressure on span i. The boundary conditions are

¥(0.1) = y(s.1) = &*y(0,8)/0x* = 8%y(s,1)/0x> = 0 3
for vanishing displacements and moments at each end, x = 0, s.

Itis assumed that each span is at rest before the mass front reaches
it, so that the initial conditions at time ¢ = ¢, are

Y(x,to) = Oy(x, 10)/0t = O “
For the ith span, where y = y(x,,, 1)
Yom = 0%y/08 +20(0%y/0x) + v 8%y /ox? )
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Closed form solutions for y in terms of j,,, were obtained from
Eq. (1) where conditions (3) and (4) were satisfied. Numerical
solutions compatible with Egs. (2) and (5) were obtained by an
iterative process in which the whole system of traveling masses
reached a steady state condition after traversing several con-
secutive spans. Moment responses M (x, t) were calculated in the
same way, where

M(x,t) = —EI 3*y/ox® ©

Numerical results were obtained for elevated spans for which
K =0 and T, = 0, where the undamped span frequency is

Poo = (M*EI/s*pA)'?  (rad/time) 7
and the passage frequency is

w, =mv/s  (rad/time) ®)

Span responses are governed by the dimensionless parameters
®1/Poo Frequency ratio (%a)
M/pAs Mass ratio (9b)
£o = (1/poo)-(¢/204)  Damping ratio 90)
s/d Length ratio 9d)

Responses for cases A through E of Fig. 1 are based on their
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Fig. 1 Span model with peak static responses.
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Table 1 Parametric study of span responses

Mass Frequency Responses
Case ratio ratio
(Flg 1) MT W, ymax Mrnax
pAs Poo Ymax static Mmax static
0.865 2.09 211
A 1/4 1.22 1.78 2.00
1.72 1.54 2.02
0.865 1.91 1.88
B 1/4 1.22 1.71 1.95
1.72 1.46 2.07
0.865 1.93 1.94
1/4 122 1.88 2.02
1.72 1.64 1.98
C
0.865 245 2.15
12 1.22 227 2.66
1.22 2.09¢ 2.46*
1.72 2.25 3.40
0.865 1.97 2.12
1/4 1.22 2.16 2.38
1.72 2.03 2.26
D
0.865 2.35 2.67
1.22 2.87 3.27
12 122 2.63¢ 2.95¢
1.72 3.08 3.84
0.865 2.12 2.16
1/4 1.22 2.90 3.00
1.72 4.55 5.00
E
0.865 2.74 297
12 1.22 5.40 5.90
1.22 4907 5.45¢
1.72 11.0 11.0

“¢&y = 0.05; otherwise, &, = 0.

respective maximum static responses, all referring to the point
load values for deflection y, and bending moment M, or

ys=Mrpg-s*)/A8El, Mo =(Mrg-s)/4 (10)
where M7 is total mass on a single span.

Typical response curves for case C are shown in Fig. 2 based
on M;/pAs =1/2 and K = T, = £, = 0. The ordinates are the
peak absolute values of the responses, each based on its static
value of Fig. 1. These are the highest peaks which occurred among
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Fig. 2 Peak span responses for a mass ratio of one-half.

all the spans traversed (from 5 to 20), and occurred in the range
0.5 < (x/s) £ 0.65. Above frequency ratios of about 0.6, these
peaks occurred during free span vibration. The experimental
pointsin Fig. 2 are for a moving point mass where M/pAs = 1/2
as well.* Agreement is good.

Table 1 shows responses for the other cases. For case A4,
M, = M and for cases B to E, M; = 2M. The frequency ratios
cover the peaks of the response curves and also lie within the
range of practical design. For instance, for a 75-ft span of
frequency poo = 15.0rad/sec and for a vehicle speed v = 300 mph,
the passage frequency is @; = 18.3 and w,/pyo = 1.22. Typically,
My/pAs ~ 1/2. 1f d/s = 1/3 and two masses travel together (case
C) the dynamic deflection and moment exceed their static values
by 2.27 and 2.66, respectively.

Results show that as the total length of the moving mass
approaches the span length, responses are bounded; but as the
mass lengths exceed the span length (case E) responses grow and
may become unbounded. An increase in mass ratio causes higher
responses, other parameters remaining the same.. Finally, a 5%
damping ratio reduces responses from 5%,—-10%;.
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